Introduction
The primitive equations are derived from the Boussinisq system of incompressible flow and they form a fundamental block in models for planetary oceanic and atmospheric dynamics, see, e.g., Lewandowski [16] , Majda [20] , Pedlosky [21] , Vallis [25] , and Washington and Parkinson [26] . Due to their importance, the primitive equations has been studied analytically by many authors, see, e.g., [17, 18, 20, 22, 24] and the references therein.
In this paper, we consider the following version primitive equations with only horizontal eddy viscosities and only horizontal diffusion due to strong dominant horizontal turbulence mixing:
The aim of this paper is to show that strong solutions exist globally for system (1.1)-(1.4), subject to some initial and boundary conditions, for any H 2 initial data. More precisely, we consider the problem in the domain Ω 0 = M × (−h, 0), with M = (0, 1) × (0, 1), and supplement system (1.1)-(1.4) with the following boundary and initial conditions:
v, w and T are periodic in x and y, ( , respectively, then system (1.1)-(1.4) with (1.5)-(1.7) is reduced to (1.14)
Here, for simplicity, we still use T 0 to denote the initial temperature in (1.14), though it is obtained by replacing the T 0 in (1.7) by T 0 − z h . Due to the same reasons to those explained in [5, 6] , system (1.8)-(1.14) defined on Ω 0 is equivalent to the following system defined on Ω := M × (−h, h): Not that the restriction on the sub-domain Ω 0 of a solution (v, w, p, T ) to system (1.15)-(1.21) is a solution to the original system (1.8)-(1.14). Because of this, throughout this paper, we mainly concern on the study of system (1.15)-(1.21) defined on Ω, while the well-posedness results for system (1.8)-(1.14) defined on Ω 0 follow as a corollary of those for system (1.15)-(1.21).
∇ H · v(x, y, ξ, t)dξ ∂ z T + 1 h = 0, (1.24) subject to the following boundary and initial conditions v and T are periodic in x, y, z, (1.25) v and T are even and odd in z, respectively, (1.26) (v, T )| t=0 = (v 0 , T 0 ).
( 1.27) Before stating our main results, let's introduce some necessary notations and give the definitions of strong solutions. Throughout this paper, for 1 ≤ q ≤ ∞, we use . Definition 1.1. Given a positive time T , and let v 0 ∈ H 2 (Ω) and T 0 ∈ H 2 (Ω) be two periodic functions, such that they are even and odd in z, respectively. A couple (v, T ) is called a strong solution to system (1.22)-(1.27) (or equivalently (1.15)-(1.21)) on Ω × (0, T ) if (i) v and T are periodic in x, y, z, and they are even and odd in z, respectively; (ii) v and T have the regularities
(iii) v and T satisfy equations (1.22)-(1.24) a.e. in Ω × (0, T ) and the initial condition (1.27).
The main result of this paper is the following global well-posedness result. Theorem 1.1. Suppose that the periodic functions v 0 , T 0 ∈ H 2 (Ω) are even and odd in z, respectively. Then system (1.22)-(1.27) (or equivalently (1.15)-(1.21)) has a unique global strong solution (v, T ), which is continuously depending on the initial data.
The key issue of proving Theorem 1.1 is establishing the a priori H 2 estimates on the strong solutions. Our analysis shows that once the L 2 estimate on u = ∂ z v is obtained, all the required estimates of the other derivatives can be successfully achieved. Unfortunately, due to the lack of the vertical viscosity in the horizontal momentum equations, such L 2 estimate can not be obtained solely without the contribution of the other derivative of the velocity. We observe that in all the arguments of existing articles the full viscosities play essential role in obtaining the L 2 estimate on u = ∂ z v, and thus the existing arguments can not be applied in our case. Still caused by the lack of the vertical viscosity, one will encounter v 2 ∞ which appears as the coefficients in the higher order energy inequalities, in other words, the energy inequalities arrive to are all of the form ∞ ≤ C log f, then the previous energy inequality (1.28) implies the global in time estimate for f . To guarantee this relationship, thanks to the logarithmic Sobolev embedding inequality (Lemma 2.2, below), it suffices to prove that the L q norms of v grow no faster than C √ q. By taking advantage of the property that the pressure p depends essentially only on the horizontal spatial variables, and using the Ladyzhenskaya type inequalities (Lemma 2.1, below) for a class of integrals in 3D, one can successfully prove the desired growth of the L q norms of v, and thus obtain the a priori H ∇ H · vdξ ∂ z v play different roles), the treatments for different derivatives of the same order will vary. More precisely, when dealing with the derivatives of the same order, the treatment of the vertical derivatives precedes that of the horizontal ones, because the estimates of the horizontal derivatives may depend on those of the vertical ones, see Proposition 4.1 and Proposition 4.2, below, for the details. Accordingly, a system version of the classic Gronwall inequality, Lemma 2.3 below, is exploited to derive the a priori bounds from the energy inequalities. We believe that this system version of the Gronwall inequality is interesting on its own, and in fact it can benefit us when using the energy approach, see Remark 2.1, below.
As a corollary of Theorem 1.1, we have the following theorem, which states the global well-posedness of strong solutions to system (1.8)-(1.14). Strong solutions to system (1.8)-(1.14) are defined in the similar way as before. The rest of this paper is arranged as follows: in the next section, section 2, we collect some preliminary results which will be used in the subsequent sections; in section 3, we establish the a priori low order energy estimates, which are independent of the regularization parameter ε, for strong solutions to a regularized system, while the ε independent higher order energy inequalities are given in section 4. In section 5, by the aid the a priori estimates and the higher order energy inequalities achieved in the previous two sections, we first establish the a priori H 2 estimates for the strong solutions to the regularized system, and then obtain the global well-posedness of strong solutions to system (1.22)-(1.27) (or equivalently system (1.15)-(1.21)) by standard approach. Section 6 is an appendix in which an N -dimensional logarithmic Sobolev embedding inequality is established.
Throughout this paper, C denotes a general constant which may be different from line to line.
Preliminaries
In this section we collect some preliminary results which will be used in the rest of this paper, and we start with the following Ladyzhenskaya type inequality in 3D for a class of integrals, which will be frequently used throughout the paper.
Lemma 2.1. The following inequalities hold true
.
It follows from the 2D Ladyzhenskaya and Gagliardo-Nirenberg inequalities that
The conclusions follow from combining the previous five inequalities.
The following logarithmic Sobolev inequality, which bounds the L ∞ norm in terms of the L q norms up to the logarithm of the norms of the high order derivatives, will play an important role in establishing the a priori H 2 estimates later. Some relevant inequalities can be found in [4, 7, 11] , where the two-dimensional case is considered.
, with p > 3, be a periodic function. Then the following inequality holds true
for any λ > 0.
Proof. Extending F periodically to the whole space. Take a function φ ∈ C ∞ 0 (R 3 ), such that φ ≡ 1 on Ω, and 0 ≤ φ ≤ 1 on R 3 . Set f = F φ. By Lemma 6.1 (choose R = 1 there) in the appendix, it holds that
Noticing that
we deduce
proving the conclusion.
The following lemma is a system version of the classic Gronwall inequality.
Lemma 2.3. Let m(t), K(t), A i (t) and B i (t) be nonnegative functions, such that
, and
Given a positive time T , and suppose that
for any t ∈ (0, T ), where α ≥ 1 and ζ ≥ 1 are two constants. Then it holds that
where Q is a continuous function on [0, ∞) which is determined by A i (0), i = 1, · · · , n, and K, given explicitly in equation (2.4) below.
Proof. Multiplying inequality (2.1) by ζ(α + 1)A
Summing this with (2.2) for i = 2 leads to
).
Multiplying the above inequality by ζ(α + 1)A
Summing up this inequality with (2.2) for
Set
and
Continuing the previous procedure inductively, we obtain
By the assumption on m(t), the above inequality implies
from which, we obtain
for t ∈ [0, T ). Note that q 1 is an increasing function on [0, ∞). Thanks to this estimate, it follows from integrating inequality (2.3) with respect to t that
for all t ∈ [0, T ), where
From which one obtains the conclusion.
Remark 2.1. Lemma 2.3 indicates that when doing the energy estimates, step by step, the quantities appear on the left-hand side in the previous steps can be treated freely as if they were a priori bounded, provided the coefficient term does not grow too fast compared to the quantities under consideration (no faster than the logarithm of the summation of them). This gives us a large room to handle some hard terms in the current step.
We also need the following Aubin-Lions lemma. 
, where 1 ≤ p < ∞, and
Finally, we will use the following global existence result for a regularized system. Proposition 2.1. Suppose that the periodic functions v 0 , T 0 ∈ H 2 (Ω) are even and odd in z, respectively. Then for any ε > 0, there is a unique global strong solution (v, T ) to the following system
z T = 0, (2.7) subject to the boundary and initial conditions (1.25)-(1.27), such that
Proof. The proof can be given in the same way as in [5] (see Proposition 2.1 there), and thus we omit it here.
Low order energy estimates
In this section, we work on the low order energy estimates on the strong solution to system (2.5)-(2.7), subject to the boundary and initial conditions (1.25)-(1.27). In particular, we prove that the growth of the L q norms of v is not faster than C √ q,
for a constant C independent of q.
Proposition 3.1. Let (v, T ) be the global strong solution to system (2.5)-(2.7), subject to the boundary and initial conditions (1.25)-(1.27). Then for any T ∈ (0, ∞), we have the following: (i) basic energy estimates
where K 1 is a continuously increasing function determined by v 0 2 , T 0 2 , v 0 4 and T 0 4 .
Proof. (i) Multiplying equations (2.5) and (2.7) by v and T , respectively, summing the resulting equations up, and integrating over Ω, then it follows from integrating by parts and using (2.6) that 1 2
from which, by the Gronwall inequality, one obtains (i).
(ii) Recalling the definition of T * , using equation (2.7), one can easily check that T * satisfies
Multiplying the above equation by |T * | q−2 T * , with 2 ≤ q < ∞, integrating over Ω, then it follows from integration by parts and using the divergence free condition (2.6)
which implies the conclusion for 2 ≤ q < ∞. The case that q = ∞ follows by taking q → ∞ and using the fact that T *
) estimate on v is proved in two steps: a rough estimate and then a more refined estimate. As we shall see below, the latter is based on the former.
Step 1: the rough L ∞ (0, T ; L q (Ω)) estimate on v. Multiplying equation (2.5) by |v| q−2 v, and integrating the resulting equation over Ω, then it follows from integrating by parts that
where
Estimate for I 1 is given as follows. By the Hölder and Young inequalities, and using (ii), we deduce
where the constant C is independent of q ∈ [4, ∞).
Applying the operator
div H (·)dz to equation (2.5), and using (2.6), it follows from integrating by parts that
Note that p s (x, y, t) can be chosen in a unique way by assuming that M p s (x, y, t)dxdy = 0. Set
s is periodic, and
Then by the elliptic estimates, we have
then it is obvious that I 2 = I 20 + I 21 + I 22 . We estimate I 2i , i = 0, 1, 2, as follows. For I 20 , a similar argument as (3.2) yields
with constant C independent of q. For I 22 , by the Hölder, Minkowski, Ladyzhenskaya and Young inequalities, we deduce
with the constant C independent of q ≥ 4. Recalling the elliptic estimate (3.5), the above inequality gives
As for I 21 , recalling the elliptic estimate (3.3), and using the Hölder, Lemma 2.1, Ladyzhenskaya and Young inequalities, we deduce
By the aid of the above estimate, as well as (3.2), (3.6) and (3.8), it follows from the Young inequality that
. Substituting this into (3.1), one obtains
, from which, using (i), one obtains
4 ), for a positive constant C depending only on h.
Step 2: the refined L ∞ (0, T ; L q (Ω)) estimate on v. Noticing that all the constants C in the estimates for I 1 , I 20 and I 22 are independent of q ∈ [4, ∞), it suffices to give a refined estimate for I 21 . Recalling the elliptic estimate (3.4), the similar argument as (3.7) yields
where the constant C is independent of q ∈ [4, ∞). Combining this with (3.2), (3.6) and (3.8), one obtains
which, substituted into (3.1), and using the Young inequality, gives
q . Recalling the estimate in (i) and (3.9), and applying the Gronwall inequality, it follows from the above inequality that
for a constant C depends only on h, where K 0 (T ) and K 1 (T ) are given as before. Therefore, one obtains
where K 1 (T ) is given by
with K 1 (T ) being given as before, proving (iii). This completes the proof.
High order energy inequalities
In this section, we establish the energy inequalities for the derivatives up to second order of the strong solutions to system (2.5)-(2.7), subject to the boundary and initial conditions (1.25)-(1.27). As we stated in the introduction and will also see below, the treatment of the different derivatives varies: we always work on the vertical derivatives first and then on the horizontal ones.
We first deal with energy inequalities for the first order derivatives which are described by the following proposition.
Proposition 4.1. Let (v, T ) be the global strong solution of system (2.5)-(2.7), subject to the boundary and initial conditions (1.25)-(1.27). Then for any T ∈ (0, ∞), we have the following:
; where C is a positive constant depending only one h, T and the initial data (the constant C q in (i) depends also on q).
Proof. (i) Differentiating equation (2.5) with respect to z, one can easily check that u := ∂ z v satisfies
Multiplying the above equation by |u| q−2 u, and integrating over Ω, it follows from integration by parts that
Recalling that sup 0≤t≤T T ∞ ≤ C, guaranteed by Proposition 3.1 (ii), we have
(ii) Multiplying equation (2.7) by −∂ 2 z T , and integrating over Ω, then it follows from integrating by parts, and using sup 0≤t≤T T ∞ ≤ C guaranteed by Proposition 3.1 (ii) that
from which one obtains (ii).
(iii) Multiplying equation (2.5) by −∆ H v, and integrating over Ω, then it follows from integrating by parts and the Cauchy inequality that 1 2
It follows from the Hölder, Lemma 2.1, Gagliardo-Nirenberg and Young inequalities that
Substituting this into (4.2), and recalling that sup 0≤t≤T v 2 2 ≤ C guaranteed by Proposition 3.1 (i), one obtains
(iv) Multiplying equation (2.7) by −∆ H T , and integrating over Ω, then it follows from integrating by parts and the Cauchy inequality that
It follows from integrating by parts, Lemma 2.1 and Proposition 3.1 (ii) that
Substituting this into (4.4) yields
proving (iv).
Now we consider the energy inequalities for the second order derivatives. We have the following proposition. 
2 ), from which one obtains (ii).
(iii) Multiplying equation (4.1) by −∆ H u, integrating over Ω, and using the fact that |u(x, y, z, t)| ≤ h −h |∂ z u(x, y, ξ, t)|dξ, it follows from integrating by pars, Lemma 2.1 and the Young inequality that 1 2
2 ), from which, one obtains (iii).
(iv) Multiplying equation (4.5) by −∆ H ∂ z T , integrating the resulting equation over Ω, and using the facts that 
By the aid of this inequality, the same argument as that for (4.3) yields
Substituting (4.7)-(4.9) into (4.6), and using the Young inequality, one obtains
2 ), proving (v).
A priori H 2 estimates and global well-posedness
In this section, based on the a priori low order energy estimates established in section 3 and the high order energy inequalities established in section 4, we can apply the logarithmic Sobolev embedding inequality (Lemma 2.2) and the system version of the Gronwall inequality (Lemma 2.3) to obtain the a priori H 2 estimate for strong solutions to system (2.5)-(2.7), subject to the boundary and initial conditions (1.25)-(1.27), and further establish the global well-posedness of strong solutions to system (1.22)-(1.27), or equivalently to system (1.15)-(1.21).
We first focus on the a priori H 2 bounds for the strong solutions to the regularized system (2.5)-(2.7) subject to the boundary and initial conditions (1.25)-(1.27).
Proposition 5.1. Given a positive time T . Let (v, T ) be the strong solution of system (2.5)-(2.7) on Ω×(0, T ), subject to the boundary and initial conditions (1.25)-(1.27). Then we have
where C(h, T , v 0 , T 0 ) denotes a positive constant depending only on h, T and the initial data.
where m(t) = C(1 + v estimates on ∂ t v and ∂ t T , and thus we omit the details here. This completes the proof.
After establishing the a priori H 2 estimate, as stated in Proposition 5.1, we are now ready to prove the global well-posedness of strong solutions to system (1.22)-(1.27).
Proof of Theorem 1.1. By Proposition 2.1 and Proposition 5.1, for any ε > 0, there is a unique global strong solution (v ε , T ε ) to system (2.5)-(2.7) subject to the boundary and initial conditions (1.25)-(1.27), such that for any T > 0,
, where C is independent of ε.
On account of these estimates, applying Lemma 2.4, there is a subsequence, still denoted by {(v ε , T ε )}, and (v, T ), such that
where and * are the weak and weak- * convergence, respectively. Thanks to these convergence, one can easily show that (v, T ) is a strong solution to system (1.22)-(1.27), or equivalently to system (1.15)-(1.21).
The continuous dependence on the initial data, in particular the uniqueness, are straightforward corollary of Proposition 2.4 in [6] . This completes the proof.
Appendix: a logarithmic Sobolev embedding inequality
In this appendix, we establish a logarithmic Sobolev embedding inequality, for any function f ∈ W 1,p (R N ), with p > N ≥ 2. Similar inequalities have been established in [4] and [7] for the 2D case. We follow here the ideas of the proof presented in [4] . for any R, λ > 0, and for some constant C N,p,λ > 0.
Proof. We only give the details of the proof for the case of spatial dimension N ≥ 3, the case that N = 2 can be given similarly (see, e.g., [4] ). Without loss of generality, Recall that f can be represented in terms of ∆f by the Newtonian potential. By the aid of (6.1), for any q ≥ 2, we have For any R > 0, define function F R as
One can easily check that
for any p ∈ (0, ∞). By the aid of the above, it follows from (6.2) that 
